Applications of fractional time derivatives in physics and engineering require the existence of nontranslational time automorphisms on the appropriate algebra of observables. The existence of time automorphisms on commutative and noncommutative C * -algebras for interacting manybody systems is investigated in this article. A mathematical framework is given to discuss local stationarity in time and the global existence of fractional and nonfractional time automorphisms. The results challenge the concept of time flow as a translation along the orbits and support a more general concept of time flow as a convolution along orbits. Implications for the distinction of reversible and irreversible dynamics are discussed. The generalized concept of time as a convolution reduces to the traditional concept of time translation in a special limit. 14 Acknowledgement 15 Publication Notice 15 References 16 [page 626, §1]
Introduction
[626. 1.1] Applications of fractional time derivatives and engineering assume the existence of a physical time automorphism (time evolution) of observables, which for closed quantum many-body systems is usually given as a Hamiltonian-generated one-parameter group of unitary operators on a Hilbert space. [626. 1.2] Dissipative processes, irreversible phenomena, decay of unstable particles, approach to thermodynamic equilibrium or quantum measurement processes are difficult to accommodate within this mathematical framework [1] [2] [3] .
[page 627, §1] [627. 1.1] Many theoretical approaches to these problems consider an "open" system (or subsystem) S coupled to a "reservoir" R, often viewed as a heat bath or as an apparatus for measurement [3, 4] . [627. 1.2] A different physical interpretation with the same mathematical structure is to identify S with a selection of macroscopic degrees of freedom of a large or infinite many body system S ∪ R, while R corresponds to the large or infinite number of microscopic degrees of freedom.
[627. 1.3] It has remained difficult to find physical conditions which rigorously imply irreversibility for the time evolution of the subsystem [4, 5] . [627. 1.4] One expects intuitively that separation of time scales will be important. [627. 1.5] Relaxation processes in the reservoir R are usually much faster than the characteristic time scale for the evolution of the system S of interest. [627. 1.6] Equally important for macroscopic dynamics and thermodynamic behaviour is scale separation in the size of R and S. [627. 1.7] Memory effects are expected to arise from interaction between the system and the reservoir. 
where A 0,τ is the initial value, t, t 0 are time instants measured in units of τ seconds (such that t/τ ∈ R) and provides energy units (Joule) for the infinitesimal generator L (Liouvillian), which is a linear, often unbounded, operator with domain D(L ) ⊂ B.
[627. 3.1] Existence of a physical time evolution is equivalent to the existence of global solutions of eq. (1) under various circumstances and assumptions such as physical constraints and boundary conditions. [627. 3.2] It is well known that global solutions do not always exist, particularly when the system is infinite.
[627. 4.1] Given a kinematical structure describing the states and observables of a physical system, the infinitesimal generator L in eq. (1) describes infinitesimal changes of these states and observables with time starting from an initial condition A 0,τ ∈ B. [627. 4.2] Let me briefly recall the kinematical structures for classical mechanics, quantum mechanics and field theory [2, 6, 7] . [627.4.3] Observables and states in classical mechanics of point particles correspond to functions over and points in a differentiable manifold. [627.4.4] Rays in a Hilbert space and operators acting on them are the kinematical structure in quantum mechanics. [627.4.5] In field theory the observables form a C * -algebra of field operators and the states correspond to positive linear functionals on this algebra. [627.4.6] Automorphisms of the algebra of field operators in field theory, unitary operators on the Hilbert space in quantum mechanics and diffeomorphisms of the differentiable manifold in classical mechanics, represent the time evolution of the system as a flow on the kinematical structure. [627. 4.7] Many theories of interacting particles are based on some Hamiltonian formalisms as in eq. (1) with a Hamiltonian L corresponding to a vector field in classical mechanics, a selfadjoint operator in quantum mechanics and some form of derivation on the algebra in field theories.
[627.5.1] Let B = A be the C * -algebra of observables of a physical system. [627. 5.2] Unless otherwise stated all C * -algebras will be assumed to have an identity. [627. 5.3] Formally integrating eq. (1) gives
[page 628, §0] where the maps T s : A → A and T s : A → A are
and the orbit maps K A : R → A are defined as
for each fixed A ∈ A, if T s with s ∈ R is a one-parameter familiy of *-automorphisms of A. [628.0.1] Of course, the problem is to give meaning to the formal exponential in eq. (3a) such that the orbit maps K A : R → A are continuous for every A ∈ A.
[628.1.1] The one-parameter family (T s ) s∈R of *-automorphisms is expected to obey the time evolution law
with T 0 = 1 being the identity. [628. 1.2] The continuity of the orbit maps may be rephrased as continuity of the maps t → T t from R into the space B(A) of all bounded operators on A endowed with the strong operator topology [8, 9] . [628. 1.3] The operator family (T s ) s∈R is then a strongly continuous one-parameter group (C 0 -group) on A.
[628.2.1] The time evolution of states is obtained from the time evolution of observables by passing to adjoints [10, 11] . [628. 2.2] States are elements of the topological dual A * = {z : A → C : z is linear and continuous}. [628.2.3] The notation z, A is used for the value z(A) ∈ R of a selfadjoint A ∈ A in the state z. [628. 2.4] States are positive, z, A * A ≥ 0 for all A ∈ A, and normalized, z = sup{| z, A |, A = 1} = 1, linear functionals on the algebra A of observables [6] . [628.2.5] The adjoint time evolution T * t : A * → A * with t ∈ R consists of all adjoint operators (T t ) * on the dual space A * [10, 12] 
shows that the adjoint time evolution T * t is weak*-continuous in the sense that the maps
are continuous for all A ∈ A, z ∈ Z. [628. 2.9] These maps are the time evolutions of all expectation values. [628. 2.10] In other words for a C 0 -group (T s ) s∈R the orbit maps K z (s) are continuous from R into the space B(A * ) of all bounded operators on A * endowed with the weak* topology [8, 13] and the adjoint family (T * s ) s∈R is a C * 0 -group. [628. 2.11] Note, that the adjoint time evolution T * t need not be strongly continuous unless A is reflexive. [628. 2.12] The relation between the time evolution of states and observables is
The adjoint time evolution of states is related to right translations along the orbits in state space in the same way as the time evolution of observables is related to left translations along orbits in the algebra. 
where the first equation reflects the Heisenberg picture, while the second corresponds to the Schrödinger picture.
Problems and Objective
[629. 2.1] There are several unsolved problems with the mathematical framework described in the introduction, particularly when the system is infinite. 
do not form groups
[page 630, §0] because of memory effects accumulating from the mixing of the system and the reservoir whenever there is nonvanishing interaction [2] . [630.0.1] Here ρ S , ρ R denote the density matrices of the system and the rservoir. The trace Tr R integrates out the reservoir degrees of freedom. B) Classical dynamical systems: [630.0.2] In classical systems it is well known [14] that the orbits in the abelian algebra A of functions on phase space cannot always be defined for all t ∈ R and for all initial conditions A 0 in the thermodynamics limit. 
where 
is convex by linearity. 
as a family of subsets of B. 
where 0 < ε < ∞ and the set of KMS-states K β at inverse temperature β > 0 are defined as states z ∈ Z such that the KMS-condition [16] z, 
are η-neighborhoods of z in the weak* topology [17] . [632. 3.7] The algebra M generated by the elements A 1 , ..., A m ∈ A will be called macroscopic algebra.
[632. 4.1] In the following 0 < η i < ∞ and 0 < η = max i η i < ∞ will be assumed. [633. 1.5] An invariant probability measure on B corresponding to the invariant z can be constructed with the help of a resolution of the identity on B.
[633.2.1] Let (H z , π z , Ω z , U t z ) denote the cyclic representation canonically associated with an invariant state z ∈ B and the time evolution T t on A. [633. 2.2] It is uniquely determined by the two requirements
for A ∈ A, t ∈ R and 
with the properties (1) P (∅) = 0, P (B) = 1 (2) Each P (G) is a self-adjoint projector.
is a complex regular Borel measure on B. 
where t 0 denotes the initial instant, K z (t 0 /τ ) = z and τ > 0 the time scale. with k ∈ Z such that t 0 = 0 produces discretized orbits K z (−k), k ∈ N for all z ∈ G as iterates of 
denote the subset of states with recurrence time 1 ≤ k ≤ ∞ with k = ∞ interpreted as
[634. 
for x > 0.
Proof. [636.1.1] The existence of a limiting distribution for W N /D N > 0 is known to be equivalent to the stability of the limit [18] . [636.1.2] If the limit distribution is nondegenerate, this implies that the rescaling constants D N have the form
where Λ(N ) is a slowly varying function [19] , defined by the requirement that 
where:
and ξ was substituted with (ξτ )/(
holds.
[page 637, §1] [637.1.1] Following [20] , the difference ∆ N (k) in (46) can be decomposed and bounded from above as [637.2.1] The first integral converges uniformly to zero for N → ∞, because p(k) belongs to the domain of attraction of a stable law with index α, as already noted above. 
is obtained for N → ∞. [638.0.2] Therefore, there exists for any γ < α a positive number c(γ) independent of N , such that
for sufficiently large N . [638.0.3] If N is sufficiently large, it is then possible to choose an η > 0 (and find c(γ)), such that
and this converges to zero for B → ∞.
[638. 
for sufficiently large N and τ . [639. 1.1] The result shows that a proper mathematical formulation of local stationarity requires a generalization of the left-hand side in Equation (1), because Equation (1) assumes implicitly a translation along the orbit. [639. 1.2] In general, the integration of infinitesimal system changes leads to convolutions instead of just translations along the orbit [22, 23] . 
and therefore
is a right translation. [639. 1.5] Here, a ≥ 0 is an age or duration. [639. 1.6] This shows that also the special case of induced right translations does not give a group, but only a semigroup. [640. 4.7] The reversed irreversibility problem was introduced in [25] . [640.4.8] Its solution is given by Theorem 3 combined with two additional facts. [640. 4.9] Firstly, ultra-long-time evolutions with 0 < α < 1 are always irreversible, while those with α = 1 may be irreversible or reversible, depending on the operator on the right-hand side of Equation (1) . [640.4.10] Secondly, the set of recurrence time distributions p(k) in the domain of attraction for the case α = 1 comprises all distributions whose first moment k kp(k) exists, independent of their tail behavior. [640.4.11] Contrary to this, the domain of attraction for the case 0 < α < 1 is restricted to those p(k) with the correct tail behavior.
Discussion
[640. 4.12] Thus, the domain of attraction is much larger for α = 1 than for 0 < α < 1. [640.4.13] This explains why equations of motion with time reversal symmetry arise more frequently.
[page 641, §1] [641. 1.1] Because anomalous time evolutions from Equation (70) with 0 < α < 1 must be expected on theoretical grounds, they are attracting increasing experimental interest [15, 28] .
[641. 1.2] For the example of broadband dielectric spectroscopy in glasses, generalized relaxation functions and susceptibilities based on Equation (70) have already been successfully compared to experiments [23, [29] [30] [31] [32] . [641.1.3] Theoretical, mathematical and experimental studies are encouraged to further explore the consequences of the generalized concept.
